
ÓÌÔ. Îïðåäåëåíèÿ è ôîðìóëèðîâêè

Âàñèëü÷åíêî Ä.Ä., 306

18 ìàðòà 2024 ã.

1 Óðàâíåíèå òåïëîïðîâîäíîñòè

1.1 Êëàññèôèêàöèÿ ÓÐ×Ï

Def 1. Óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ 2-ãî ïîðÿäêà:

F (x, y, u(x, y), ux(x, y), uy(x, y), uxx(x, y), uxy(x, y), uyy(x, y)) = 0

Def 2. Êâàçèëèíåéíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ 2-ãî ïîðÿäêà:

a11(x, y, u(x, y), ux(x, y), uy(x, y))uxx+2a12(x, y, u(x, y), ux(x, y), uy(x, y))uxy+

+a22(x, y, u(x, y), ux(x, y), uy(x, y))uyy + f(x, y, u(x, y), ux(x, y), uy(x, y)) = 0

Def 3. Ëèíåéíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ 2-ãî ïîðÿäêà:

a11(x, y)uxx + 2a12(x, y) + a22(x, y) + f(x, y, u(x, y), ux(x, y), uy(x, y)) = 0

Def 4. Ëèíåéíîå ÓÐ×Ï 2-ïîðÿäêà â òî÷êå (x0, y0) íàçûâàåòñÿ:

1. ãèïåðáîëè÷åñêèì, åñëè a212 − a11a22 > 0

2. ýëëèïòè÷åñêèì, åñëè a212 − a11a22 < 0

3. ïàðàáîëè÷åñêèì, åñëè a212 − a11a22 = 0

1.2 Îäíîìåðíîå óðàâíåíèå òåïëîïðîâîäíîñòè è çàäà÷è

äëÿ íåãî

Óðàâíåíèå â ïîëóïîëîñå c ãðàíè÷íûìè óñëîâèÿìè ïåðâîãî ðîäà:
ut = a2uxx + f(x, t), 0 < x < l, t > 0
u(x, 0) = ϕ(x), 0 ≤ x ≤ l
u(0, t) = ν1(t), 0 ≤ t
u(l, t) = ν2(t), 0 ≤ t
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Óðàâíåíèå â ïîëóïîëîñå c ãðàíè÷íûìè óñëîâèÿìè âòîðîãî ðîäà:
ut = a2uxx + f(x, t), 0 < x < l, t > 0
u(x, 0) = ϕ(x), 0 ≤ x ≤ l
ux(0, t) = ν1(t), 0 ≤ t
ux(l, t) = ν2(t), 0 ≤ t

Óðàâíåíèå íà ïîëóïðÿìîé: ut = a2uxx + f(x, t), 0 < x, t > 0
u(x, 0) = ϕ(x), 0 ≤ x
u(0, t) = ν1(t), 0 ≤ t

Óðàâíåíèå íà ïðÿìîé{
ut = a2uxx + f(x, t), x ∈ R, t > 0
u(x, 0) = ϕ(x), x ∈ R

1.3 Ïðîñòåéøàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à
ut = a2uxx, 0 < x < l, 0 < t ≤ T (1)
u(x, 0) = ϕ(x), 0 ≤ x ≤ l(2)
u(0, t) = 0, 0 ≤ t ≤ T (3)
u(l, t) = 0, 0 ≤ t ≤ T (4)

Îáëàñòü, â êîòîðîé ðàññìàòðèâàåòñÿ çàäà÷à: QlT = {(x, t) : 0 < x < l, 0 <
t ≤ T}

Def 5. Ôóíêöèÿ u(x, t) íàçûâàåòñÿ ðåøåíèåì çàäà÷è (1) -(4), åñëè u(x, t) ∈
C2,1(QlT ), u(x, t) ∈ C(QlT ) è óäîâëåòâîðÿåò (1)-(4).

Ðåøåíèå ìåòîäîì Ôóðüå:

u(x, t) =

∞∑
n=1

2

l

l∫
0

ϕ(s) sin
πn

l
sds

 sin
πn

l
xe

−a2(
πn

l
)2t

St 1. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ:

1. f(x) ∈ C[0, l], f(0) = f(l) = 0,
∞∑

n=1
fn sin

πn

l
x, fn =

2

l

l∫
0

f(x) sin
πn

l
xdx

- ñõîäèòñÿ ðàâíîìåðíî íà [0,l] ⇒ f(x) =
∞∑

n=1
fn sin

πn

l
x

2. f(x) ∈ C[0, l] ⇒
∞∑

n=1
f2n ≤ const

3. f(x) ∈ C[0, l] ⇒
∞∑

n=1
f̂2n ≤ const, f̂n =

2

l

l∫
0

f(x) cos
πn

l
xdx

2



Òh 1. (Ñóùåñòâîâàíèå ðåøåíèÿ)
Åñëè ϕ(x) ∈ C1[0, l] è ϕ(0) = ϕ(l) = 0, òî ôóíêöèÿ u(x, t), ïîëó÷åííàÿ
ìåòîäîì Ôóðüå ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)-(4)

Òh 2. (Ïðèíöèï ìàêñèìóìà)
Ïóñòü u(x, t) ∈ C2,1(Ql,T ) ∩ C(Ql,T ) è ut = a2uxx, òîãäà max

Γ
u(x, t) =

max
Ql,T

u(x, t),min
Γ
u(x, t) = min

Ql,T

u(x, t)

St 2. (Åäèíñòâåííîñòü)
Ïóñòü ui(x, t) ∈ C2,1(Ql,T ) ∩ C(Ql,T ) è ui óäîâëåòâîðÿåò:

(ui)t = a2(ui)xx, 0 < x < l, 0 < t ≤ T
ui(x, 0) = ϕ(x), 0 ≤ x ≤ l
ui(0, t) = ν1(t), 0 ≤ t ≤ T
ui(l, t) = ν2(t), 0 ≤ t ≤ T

òîãäà u1(x, t) = u2(x, t),∀(x, t) ∈ Ql,T

St 3. (Ïîçèòèâíîñòü)
Ïóñòü ui(x, t) ∈ C2,1(Ql,T ) ∩C(Ql,T ) è ui óäîâëåòâîðÿåò (ui)t = a2(ui)xx â
Ql,T , òîãäà åñëè u1(x, t) ≥ u2(x, t),∀(x, t) ∈ Γ, òî u1(x, t) ≥ u2(x, t),∀(x, t) ∈
Ql,T

St 4. (Óñòîé÷èâîñòü)
Ïóñòü ui(x, t) ∈ C2,1(Ql,T ) ∩ C(Ql,T ) è ui óäîâëåòâîðÿåò

(ui)t = a2(ui)xx, 0 < x < l, 0 < t ≤ T
ui(x, 0) = ϕi(x), 0 ≤ x ≤ l
ui(0, t) = ν1i(t), 0 ≤ t ≤ T
ui(l, t) = ν2i(t), 0 ≤ t ≤ T

òîãäà |u1(x, t)−u2(x, t)| ≤ max

(
max
[0,T ]

|ν11 − ν12|,max
[0,T ]

|ν21 − ν22|,max
[0,l]

|ϕ1 − ϕ2|
)

1.4 Åäèíñòâåííîñòü â îáùåì ñëó÷àå
ut = a2uxx + f(x, t), 0 < x < l, t > 0(1)
u(x, 0) = ϕ(x), 0 ≤ x ≤ l(2)
α1u(0, t)− β1ux(0, t) = ν1(t), 0 ≤ t(3)
α2u(l, t) + β2ux(l, t) = ν2(t), 0 ≤ t(4)

αi, βi ≥ 0, αi + βi > 0

Òh 3. (Åäèíñòâåííîñòü)

Ïóñòü ui(x, t) ∈ C2,1(Ql,T ) ∩ C(Ql,T ) è äîïîëíèòåëüíî
∂ui
∂x

∈ C(Ql,T ) è ui

óäîâëåòâîðÿåò (1)-(4), òîãäà u1(x, t) = u2(x, t),∀(x, t) ∈ Ql,T
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1.5 Ïðåîáðàçîâàíèÿ Ôóðüå

Def 6. Ïóñòü f(x) êóñî÷íî ãëàäêàÿ è
∞∫

−∞
f(x)dx < ∞ (êîíå÷íûé), òîãäà

ïðåîáðàçîâàíèåì Ôóðüå äëÿ f(x) íàçûâàåòñÿ: F (ξ) =
∞∫

−∞
f(x)e−ixξdx.

Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå: f(x) =
1

2π

∞∫
−∞

F (ξ)eixξdξ

Ëåììà 1. (Ñâîéñòâà ÏÔ)

1. Ïðè ñäåëàíûõ ïðåäïîëîæåíèÿõ íà f(x). F (ξ) îïðåäåëåíà íà ξ ∈ R è

|F (ξ)| = |
∞∫

−∞
f(x)e−ixξdx| ≤

∞∫
−∞

|f(x)|dx

2. F (ξ) íåïðåðûâíà ïî ξ

3. F (ξ) → 0, ïðè ξ → ∞

4. ÈÍòåãðàë â îáðàòíîì ÏÔ ñëåäóåò ïîíèìàòü â ñìûñëå ãëàâíîãî çíà-

÷åíèÿ f(x) =
1

2π
lim
a→∞

a∫
−a

F (ξ)eiξxdξ

Ëåììà 2. Ïóñòü f(x) ∈ C(R)) è |f(x)| → 0, ïðè |x| → ∞,
∞∫

−∞
|f(x)|dx,

∞∫
−∞

|f ′(x)|dx

- êîíå÷íû, òîãäà f(x) ↔ F (ξ) ⇒ f ′(x) ↔ iξF (ξ)

Ñëåäñòâèå 1. Ïóñòü f(x) ∈ Cm(R), |f (k)(x)| → 0, ïðè |x| → ∞ è
∞∫

−∞
|f (k)(x)|dx

- êîíå÷íûé, k = 0,m, òîãäà f(x) ↔ F (ξ) ⇒ f (m)(x) ↔ (iξ)mF (ξ)

Âàæíûå èíòåãðàëû:

1. Èíòåãðàë Ýéëåðà-Ïóàññîíà:
∞∫

−∞
e−x2

dx =
√
π

2. Èíòåãðàë òèïà Ýéëåðà-Ïóàññîíà:
∞∫

−∞
e−αx2

cosβxdx =

√
π

α
e
−
β2

4α

1.6 Óðàâíåíèå òåïëîïðîâîäíîñòè íà ïðÿìîé

Ôîðìóëà Ïóàññîíà äëÿ ðåøåíèÿ{
ut = a2uxx x ∈ R, t > 0
u(x, 0) = ϕ(x), x ∈ R

u(x, y) =
1√

4πa2t

∞∫
−∞

e

−(x− s)2

4a2t ϕ(s)dx (P )
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Òh 4. Ïóñòü ϕ ∈ C(R) è |phi(x)| ≤ M , ∀x ∈ R, M = const. Îïðåäåëèì äëÿ
∀(x, t) ∈ R× (0,+∞) ôóíêöèþ u(x, t) ÷åðåç ôîðìóëó (P), òîãäà

1. u ∈ C∞(R× (0,+∞))

2. u(x, t) óäîâëåâòîðÿåò óðàâíåíèþ òåïëîïðîâîäíñòè ut = a2uxx ïðè
(x, t) ∈ R× (0,+∞)

3. u(x, t) → ϕ(x0) ïðè (x, t) → (x0, 0),∀x0 ∈ R, ò.å. ∀x0 ∈ R∀ε > 0∃δ(ε, x0) >
0 : |x− x0| < δ 0 < t < δ ⇒ |u(x, t)− ϕ(x0)| < ε

Def 7. Ôóíêöèÿ pa(x, t) =
1√

4πa2t
e

−x2

4a2t íàçûâàåòñÿ ôóíêöèåé ìãíîâåííîãî

èñòî÷íèêà òåïëà èëè ôóíäàìåíòàëüíûì ðåøåíèåì ÓÒ.

Òh 5. (óñèëåííîå ñîõðàíåíèå ïîçèòèâíîñòè)
Ïóñòü ϕ ∈ C(R) èëè êóñî÷íî íåïðåðûâíà 0 ≤ ϕ(x) ≤ M , M = const,
ϕ(x) ̸= 0∀x ∈ R. Îïðåäåëèì u(x, t) ïî ôîðìóëàì (P), òîãäà u(x, t) > 0
ïðè ∀(x, t), t > 0

Ñëåäñòâèå 2. Ïðåäûäóùàÿ òåîðåìà óêàçûâàåò íà ýôôåêò ìãíîâåííîãî
ðàñïðîñòðàíåíèÿ òåïëà: åñëè ãäå-òî ïðè t=0 áûëî íàãðåòî, òî ïðè t> 0
òåìïåðàòóðà òåëà âåçäå > 0, ò.å. ñêîðîñòü ðàñïðîñòðàíåíèÿ òåïëà áåñ-
êîíå÷íà.

Òh 6. (ñîõðàíåíèå îãðàíè÷åííîñòè)
Ïóñòü ϕ ∈ C(R) èëè êóñî÷íî íåïðåðûâíà íà R |ϕ(x)| ≤ M , ∀x ∈ R,M =
const. Îïðåäåëèì u(x, t) ïî ôîðìóëàì (P), òîãäà |u(x, t)| ≤ M âñþäó ïðè
t > 0.

Òh 7. (ïðèíöèï ýêñðåìóìà äëÿ ÓÒ â ïîëîñå)
Ïóñòü u(x, t) - ðåøåíèå ut = a2uxx èç êëàññà C2,1(R× (0, T ])∩C(R× [0, T ]),
îãðàíè÷åíî â ïîëóïîëîñå R× [0, T ], òîãäà inf

R

(u(x, 0)) ≤ u(x, t) ≤ sup
R

(u(x, 0))

âñþäó â R× [0, T ]

1.7 Ñâåðòêà

Def 8. Ïóñòü f1, f2 - êóñî÷íî íåïðåðûâíûå è îãðàíè÷åííûå íà R ôóíêöèè,

ïðè÷¼ì
∞∫

−∞
|fi|dx < ∞, i = 1, 2, òîãäà ñâåðòêà äëÿ f1, f2: g(x) =

∞∫
−∞

f1(x −

s)f2(x)ds,∀x ∈ R (îáîçíà÷åíèå g = (f1 ∗ f2)(x))).

Ëåììà 3. (Îñíîâíîå ñâîéñòâî ñâåðòêè)
Ïóñòü f1(x) ↔ F1(ξ), f2(x) ↔ F2(ξ) ⇒ (f1 ∗ f2) ↔ F1(ξ)F2(ξ)
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2 Óðàâíåíèå Ëàïëàñà

Def 9. Ôóíêöèÿ u íàçûâàåòñÿ ãàðìîíè÷åñêîé â îáëàñòè Ω ⊂ R
n, åñëè ∆u =

0 âñþäó â Ω.

Âíóòðåííÿÿ çàäà÷à Äèðèõëå: Ïóñòü u ∈ C2(Ω) ∩ C(Ω), ϕ ∈ C(∂Ω),
îáëàñòü Ω îãðàíè÷åíà, òîãäà Çàäà÷à Äèðèõëå:{

∆u(x) = 0, x ∈ Ω
u|∂Ω = ϕ

Âíåøíÿÿ çàäà÷à Äèðèõëå: Ïóñòü u ∈ C2(Ω) ∩C(Ω), ϕ ∈ C(∂Ω), îáëàñòü
Ω = R

n D, D - îãðàíè÷åííàÿ îáëàñòü â Rn, òîãäà Çàäà÷à Äèðèõëå:{
∆u(x) = 0, x ∈ Ω
u|∂Ω = ϕ

Òîãäà äîáàâëÿåòñÿ óñëîâèå ðåãóëÿðíîñòè:

1. åñëè n = 2, òî u(x) = O(1), x→ ∞

2. åñëè n ≥ 3, òî u(x) = O(1), x→ ∞

Òh 8. Ïóñòü u ∈ C2(Ω) ∩ C(Ω), Ω - îãðàíè÷åííàÿ îáëàñòü â Rn, ∆u = 0,
òîãäà m = min

∂Ω
u,M = max

∂Ω
u ⇒ m ≤ u(x) ≤M, ∀x ∈ Ω

Ñëåäñòâèå 3. (ïðèíöèï ïîçèòèâíîñòè)
Ïóñòü u ∈ C2(Ω) ∩ C(Ω), Ω - îãðàíè÷åííàÿ îáëàñòü â R

n, u - ðåøåíèå
âíóòðåííåé çàäà÷è Äèðèõëå ñ ϕ è ϕ ≥ 0,∀x ∈ ∂Ω, òîãäà u ≥ 0,∀x ∈ Ω

Ñëåäñòâèå 4. (åäèíñòâåííîñòü ðåøåíèÿ)
Âíóòðåííÿÿ çàäà÷à Äèðèõëå íå ìîæåò èìåòü áîëüøå îäíîãî ðåøåíèÿ ïðè
çàäàííîì ϕ ∈ C(∂Ω).

Ñëåäñòâèå 5. (óñòîé÷èâîñòü ðåøåíèÿ)
Ïóñòü u1, u2 - ðåøåíèÿ âíóòðåííèõ çàäà÷ Äèðèõëå ñ ôóíêöèÿìè ϕ1, ϕ2 ∈
C(∂Ω) è |ϕ1 − ϕ2| < ε,∀x ∈ ∂Ω, òîãäà |u1 − u2| < ε,∀x ∈ Ω

2.1 Ýëåìåíòû âåêòîðíîãî àíàëèçà

Def 10. u ∈ Ck(Ω), åñëè â Ω ñóùåñòâóåò âñå ÷àñòíûå ïðîèçâîäíûå ïîðÿäêîâ
≤ k è ýòè ÷àñòíûå ïðîèçâîäíûå íåïðåðûâíî ïðîäîëæàþòñÿ íà ãðàíèöû.

Def 11. Ïðîèçâîäíàÿ ïî íàïðàâëåíèþ ν = {ν1, . . . , νn}:
∂u

∂ν
=

∂

∂s
u(x +

sν)|s=0 = ν1
∂u

∂x1
+ · · ·+ νn

∂u

∂xn
= (ν,∇u)
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Ôîðìóëà Îñòðîãðàäñêîãî-Ãàóññà: Ïóñòü Ω - õîðîøàÿ(ãëàäêàÿ, êó-
ñî÷íî ãëàäêàÿ ãðàíèöà) îáëàñòü, A ∈ C1(Ω), òîãäà∫

∂Ω

(A, νy)dsy =

∫
Ω

div(A)dx,

çäåñü A(x) = {A1(x), . . . , An(x)} - âåêòîðíîå ïîëå.
Ω ∈ (GO) çíà÷èò, ÷òî â îáëàñòè Ω äëÿ ëþáîé A ∈ C1(Ω) ñïðàâåäëèâà ôîð-
ìóëà Îñòðîãðàäñêîãî-Ãàóññà.

Òh 9. (Ãàóññà)
Ïóñòü u ∈ C2(Ω), òîãäà ∇u ∈ C1(Ω) , Ω ∈ (GO)∫

∂Ω

∂u

∂νy
dsy =

∫
Ω

∆u(x)dx

St 5. (1-àÿ ôîðìóëà Ãðèíà)
u ∈ C2(Ω), v ∈ C1(Ω), Ω ∈ (GO) òîãäà∫

∂Ω

v
∂u

∂νy
dsy =

∫
Ω

v(x)∆u(x)dx+

∫
Ω

(∇v,∇u)dx

St 6. (2-àÿ ôîðìóëà Ãðèíà)
u, v ∈ C2(Ω), Ω ∈ (GO)òîãäà∫

∂Ω

[
v
∂u

∂νy
− u

∂v

∂νy

]
dsy =

∫
Ω

(v∆u− u∆v)dx

2.2 Ïðèìåíåíèå ôîðìóë â òåîðèè ãàðìîíè÷åñêèõ ôóíê-

öèé

Òh 10. (Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Äèðèõëå)
u ∈ C2(Ω), Ω ∈ (GO) è u|∂Ω = 0, ∆u = 0 âñþäó â Ω, òîãäà u(x) = 0∀x ∈ Ω

Çàäà÷à Íåéìàíà:

u ∈ C2(Ω), ϕ ∈ C(∂Ω)  ∆u(x) = 0, x ∈ Ω
∂u

∂νy
|∂Ω = ϕ

Òh 11. (Íåîáõîäèìîå óñëîâèå ðàçðåøèìîñòè çàäà÷è Íåéìàíà)
Ω ∈ (GO), u ∈ C2(Ω) è

∫
∂Ω

ϕ(y)dy = 0. (â êëàññå C2(Ω))

Òh 12. (Íååäèíñòâåííîñòü ðåøåíèÿ)
Ïóñòü u1, u2 ∈ C2(Ω), Ω ∈ (GO), u1, u2 - ðåøåíèÿ çàäà÷è Íåéìàíà c ϕ(x),
òîãäà u2 = C + u1,∀x ∈ Ω, C = const
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2.3 Ñôåðè÷åñêè ñèììåòðè÷íûé ñëó÷àé

ωn - ïëîùàäü åäèíè÷íîé n-ìåðíîé ñôåðû
ωnr

n−1 - ïëîùàäü n-ìåðíîé ñôåðû ðàäèóñà r>0

βn = ωn
Rn

n
- îáú¼ì n-ìåðíîãî øàðà ðàäèóñà R>0

Âèä îïåðàòîðà Ëàïëàñà â ñèììåòðè÷íûõ êîîðäèíàòàõ R
n

∆u =
1

rn−1

∂

∂r

(
rn−1 ∂f

∂r

)
, ∀u = f(r)

Def 12. Ôóíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèÿ Ëàïëàñà â Rn íàçûâàåòñÿ
ôóíêöèÿ:

E(x) =


1

2π
ln |x|, if n = 2,∀x ∈ R

n\{0}
−1

ωn(n− 2)|x|n−2
, ifn ≥ 3,∀x ∈ R

n\{0}


Ëåììà 4. (Ñâîéñòâà ôóíäàìåíòàëüíîãî ðåøåíèÿ)

1. ∆E = 0,∀x ∈ R
n\{0}

2.
∂E

∂r
=

1

ωnrn−1

3. E(x) → 0, x→ ∞, n ≥ 3

4. E(x) → −∞, x→ 0 + 0, íî |x|n−1E(x) → 0, x→ 0 + 0

Çàêîí îáðàòíûõ êâàäðàòîâ: gradE(x) =
1

4π|x|2
x

|x|
Ñâÿçü ñ Íüþòîíîâñêèì ïîòåíöèàëîì:

−1

4π
EN = E(x), EN (x) =

1

|x|

2.4 Ôóíäàìåíòàëüíàÿ ôîðìóëà Ãðèíà

Òh 13. Ïóñòü Ω ⊂ R
n - îãðàíè÷åííàÿ îáëàñòü è Ω ∈ (GO). u ∈ C2(Ω),

E(x− y) - ôóíäàìåíòàëüíîå ðåøåíèå, òîãäà ∀x ∈ Ω

u(x) =

∫
Ω

E(x− y)∆u(y)dy +

∫
∂Ω

[
∂E(x− y)

∂νy
u(y)− ∂u

∂νy
E(x− y)

]
dsy

Ñëåäñòâèå 6. Ïóñòü u ∈ C2(Ω) è ∆u = 0 âñþäó â Ω, òîãäà ∀x ∈ Ω:

u(x) =

∫
∂Ω

[
∂E(x− y)

∂νy
u(y)− ∂u

∂νy
E(x− y)

]
dsy
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Ñëåäñòâèå 7. (Áåñêîíå÷íàÿ äèôôåðåíöèðóåìîñòü)
Ïóñòü Ω0 - ïðîèçâîëüíàÿ îáëàñòü â Rn, u ∈ C2(Ω0), ∆u = 0 â Ω0, òîãäà u
- áåñêîíå÷íî äèôôåðåíöèðóåìà â Ω0.

Ñëåäñòâèå 8. Çíà÷åíèå ãàðìîíè÷åñêîé ôóêíöèè u â òî÷êå x ∈ Ω ñîâïàäà-
åò ñî ñðåäíèì çíà÷åíèåì u íà ëþáîé ñôåðå, ñ öåíòðîì â x:

u(x) =
1

ωrn−1

∫
|x−y|=r

u(y)dy

Ñëåäñòâèå 9. Çíà÷åíèå ãàðìîíè÷åñêîé ôóêíöèè u â òî÷êå x ∈ Ω ñîâïàäà-
åò ñî ñðåäíèì çíà÷åíèåì u íà ëþáîì øàðå, ñ öåíòðîì â x:

u(x) =
1

βnRn

∫
|y−x|≤R

u(y)dy

2.5 Ôóíêöèÿ Ãðèíà

Ïîëîæèì Ω ⊂ R
n îãðàíè÷åííàÿ îáëàñòü è Ω ∈ (GO)

Def 13. Ôóíêöèÿ Ãðèíà: G(x, y) = E(x − y) + g(x, y),∀x, y ∈ Ω, x ̸= y ñ
ñâîéñòâàìè:

1. g(
.
=, y) ∈ C2(Ω) è ∆xg(x, y) = 0 âñþäó â Ω ∀y ∈ Ω - ôèêñèðîâàííûé

2. G(x, y)|x∈∂Ω = 0

3. n ≥ 3 |G(x, y)| → 0, x→ ∞, n = 2, G(x, y) ≤M = const, x→ ∞

Òh 14. (Ñèììåòðè÷íîñòü ôóíêöèè Ãðèíà)
Ïóñòü Ω ⊂ R

n - îáëàñòü è Ω ∈ (GO) è äëÿ íå¼ ñóùåñòâóåò ôóíêöèÿ Ãðèíà
G(x, y), òîãäà G(x, y) = G(y, x),∀x, y ∈ Ω, x ̸= y

2.6 Ïðèìåíåíèå ôóíêöèè Ãðèíà â çàäà÷å Ïóàññîíà

Çàäà÷à äëÿ óðàâíåíèÿ Ïóàññîíà:{
∆u(x) = f(x), x ∈ Ω
u(x)|x∈∂Ω = ϕ(x)

f(x) ∈ C(Ω), ϕ(x) ∈ C(∂Ω), u ∈ C2(Ω)

Òh 15. Ïóñòü Ω ∈ R
n - îãðàíè÷åííàÿ îáëàñòü è Ω ∈ (GO). Ïóñòü u ∈

C2(Ω) ÿâëÿåòñÿ ðåøåíèåì çàäà÷à Äèðèõëå, òîãäà ñïðàâåäëèâà ðàçðåøàþ-
ùàÿ ôîðìóëà:

u(x) =

∫
Ω

f(y)G(x, y)dy +

∫
∂Ω

ϕ(y)
∂G(x, y)

∂νy
dsy,

ãäå G(x, y) - ôîðìóëà Ãðèíà äëÿ îáëàñòè Ω
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3 Óðàâíåíèå êîëåáàíèé ñòðóíû

Óðàâíåíèå êîëåáàíèÿ ñòðóíû

utt = a2uxx + f(x, t), a2 =
T

ρ
, f(x, t) =

F (x, t)

ρ
, 0 ≤ x ≤ l, 0 < t

Òèïîâûå ãðàíè÷íûå óñëîâèÿ:

1. Çàêðåïë¼ííûé êðàé u(0, t) = 0

2. Ñâîáîäíûé êðàé ux(0, t) = 0 Îáîñíîâàíèå: −Tux(0, t) = 0

3. Óïðóãîå çàêðåïëåíèå:ux(0, t)− hu(0, t) = 0

ux(l, t) + hu(l, t) = 0, h =
K

T

Ìîäåëüíàÿ çàäà÷à î êîëåáàíèÿõ ñòðóíû ñ çàêðåïë¼ííûìè êðàÿìè utt = a2uxx, 0 ≤ x ≤ l, t > 0
u(0, t) = u(l, t) = 0
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x)

Ðåøåíèå ìåòîäîì Ôóðüå:

u(x, t) =

∞∑
k=1

(Ak cos
πka

l
t+Bk sin

πka

l
t) sin

πk

l
x,Ak =

2

l

l∫
0

ϕ(s) sin
πk

l
sds,Bk =

2

πka

l∫
0

ψ(s) sin
πk

l
sds

Òh 16. Ïóñòü ϕ ∈ C3[0, l], ψ ∈ C2[0, l], ïðè÷¼ì

1. ϕ(0) = ϕ(l) = 0, ϕ′′(0) = ϕ′′(l) = 0

2. ψ(0) = ψ(l) = 0

Òîãäà u ∈ C2,2([0, l] × [0,+∞)) è ôóíêöèÿ u(x,t) óäîâëåòâîðÿåò âñåì óñëî-
âèÿì çàäà÷è âûøå.

3.1 Êàíîíè÷åñêèå êîîðäèíàòû{
ξ = t− ax

η = t+ ax

Òîãäà óðàâíåíèå utt = a2uxx â êàíîíè÷åñêèõ êîîðäèíàòàõ ïðèìåò âèä uξη =
0
Îáùåå ðåøåíèå óðàâíåíèÿ êîëåáàíèé ïðåäñòàâëÿåòñÿ â ñëåäóþùåì âèäå
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u(x, t) = f(x − at) + g(x + at), ãäå f, g ∈ C2 - íåêîòîðûå ôóíêöèè îäíî-
ãî àðãóìåíà.
Ñåìåéñòâî ïðÿìûõ íà ïëîñêîñòè (x, t)[

x− at = C1, C1 ∈ R

x+ at = C2, C2 ∈ R

ýòî õàðàêòåðèñòèêè óðàâíåíèÿ (1) (îäíîðîäíîå óðàâíåíèå êîëåáàíèé ñòðó-
íû).

Òh 17. Âñÿêîå ðåøåíèå u(x, t) çàäà÷è (1) ïðåäñòàâèìî â âèäå ñóììû ïðÿ-
ìîé è îáðàòíîé âîëíû. (ò.ê. g(x+at) - îáðàòíàÿ âîëíà, f(x−at) - ïðÿìàÿ
âîëíà).

3.2 Çàäà÷à Êîøè äëÿ óðàâíåíèÿ êîëåáàíèÿ ñòðóíû{
utt = a2uxx, x ∈ R, t ≥ 0
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x)

Ôîðìóëû Äàëàìáåðà(ðåøåíèå äëÿ çàäà÷è Êîøè)

u(x, t) =
1

2
(ϕ(x+ at)− ϕ(x− at)) +

1

2a

x+at∫
x−at

ϕ(s)ds

Òh 18. Ïóñòü ϕ ∈ C2(R), ψ ∈ C1(R) è u = u(x, t) îïðåäåëÿåòñÿ ôîðìóëîé
Äàëàìáåðà ⇒ u ∈ C2,2(R × [0,+∞]) è ôóêíöèÿ u ÿâëÿåòñÿ êëàññè÷åñêèì
ðåøåíèåì çàäà÷è Êîøè.

Òh 19. Óñòîé÷èâîñòü ???????

3.3 Íåîäíîðîäíîå óðàâíåíèå êîëåáàíèé ñòðóíû{
utt = a2uxx + f(x, t), x ∈ R, t ≥ 0
u(x, 0) = 0, ut(x, 0) = 0

Def 14. Âñïîìîãàòåëüíàÿ ôóíêöèÿ v(x, t;α) òàêàÿ ÷òî:{
vtt = a2vxx, x ∈ R, t ≥ α

v|t=α = 0, vt|t=α = f(x, α){
vtt(x, t;α) = a2vxx(x, t;α), x ∈ R, t ≥ α

v(x, α;α) = 0, vt(x, α;α) = 0

Def 15. Èíòåãðàë Äþàìåëÿ îò ôóíêöèè v(x, t;α):

u(x, t) =

t∫
0

v(x, t;α)dα
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Òh 20. Ïóñòü f, f ′x ∈ C(R× [0,+∞) ⇒ èíòåãðàë Äþàìåëÿ äàåò êëàññè÷å-
ñêîå ðåøåíèå íåîäíîðîäíîé çàäà÷è Êîøè:

u(x, t) =

t∫
0

v(x, t;α)dα =
1

2a

t∫
0

dτ

x+a(t−τ)∫
x−a(t−τ)

f(s, τ)ds
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